We consider the stability and stabilization of impulsive stochastic delay differential equations ISDDEs . Using the Lyapunov-Razumikhin method, we obtain the sufficient conditions to guarantee the pth moment exponential stability of ISDDEs. Then the almost sure exponential stability is considered and the sufficient conditions of the almost sure exponential stability are obtained. Moreover, the stabilization problem of ISDDEs is studied and the criterion on impulsive stabilization of ISDDEs is established. At last, examples are presented to illustrate the correctness of our results.
Introduction
In recent years, the systems with stochastic or impulsive effects were studied by many authors due to their importance in many branches of science and industry, see 1-10 and references therein. In practice, a given system may be with stochastic, delay and impulsive effects simultaneously, so it is necessary to investigate the properties of impulsive stochastic delay differential equations.
There are a lot of papers discussing ISDDEs, for example, see 11-17 and the references therein. In 11, 13 , the authors studied the stability of a class of impulsive delay differential equations where the impulsive effects are nonlinear. In 12 , the stability of a nonlinear ISDDE was studied and the equivalent relation between the stability of the nonlinear stochastic differential delay system under impulsive control and that of a corresponding nonlinear stochastic differential delay system without impulses was established. In 14 , the authors studied the stability of nonlinear impulsive stochastic differential equations in terms of two measures and the concept of perturbing Lyapunov functions is introduced to discuss stability properties. In 15 , the pth exponential stability and almost sure exponential stability were studied by the Lyapunov-Krasovskii functional method. In 16 , the authors considered the pth moment exponential stability by using an inequality and the propertied of M-cone. In 17 , the authors studied the mean square exponential stability of ISDDEs by the formula for the variation of parameters and Cauchy matrix.
From the existing lectures, we can see the stability of ISDDEs is a main research direction. For ISDDEs, there are at least two questions on stability that need be answered, one is that if the stochastic delay differential equation SDDE without impulse is stable, what kinds of the impulses can the system tolerate so that it remains stable? The other is if a SDDE without impulse is unstable, what kind of impulsive effects should we take to make the ISDDEs be stable? The first one we call the question of stability, the second one we call the question of stabilization.
As we all know, the Lyapunov-Razumikhin method is a powerful tool to investigate the stability; however, to our best knowledge, there is few work on ISDDEs by using Lyapunov-Razumikhin method.
In this paper, we use the Lyapunov-Razumikhin method to answer the questions of stability and stabilization of ISDDEs, give the sufficient conditions ensuring the pth moment exponential stability of ISDDEs, and present the criteria of almost sure exponential stability of ISDDEs. The Lyapunov-Razumikhin method does not require that the formal derivative of the Lyapunov function falls into a restriction in all time; it just need to satisfy the restriction under some situation; therefore, our results relax the restrictions in some existing lectures. At last, examples are given to illustrate the efficiency of our results.
Preliminaries
Let Ω, F, P be a complete probability space with a natural filtration {F t } t 0 satisfying the usual conditions i.e., it is right continuous and F 0 contains all P -null sets . R n denotes the n-dimensional Euclidean space with the Euclidean norm | · |. Let PC −τ, 0 , R n to denote the set of piecewise right continuous functions ψ : −τ, 0 → R n with the sup-norm ψ
where E denotes the expectation with respect to the given probability measure P .
In this paper, we consider the following impulsive stochastic delay differential system:
T represents the impulsive perturbation of x at time t k and satisfies Let v 0 denote the set of nonnegative functions V x, t on R n × −τ, 0 ∪ R , which are twice continuously differential in x and once in t on 
Definition 2.2 see 15 . The trivial solution of system 2.1 is said to be almost surely exponentially stable if there exists a positive constant γ such that for any initial value
If the trivial solution of system 2.1 is pth moment exponentially stable or almost surely exponentially stable, we also say the system 2.1 is pth moment exponentially stable or almost surely exponentially stable.
Stability and Stabilization of ISDDEs
In this section, we establish the criteria of pth moment exponential stability for system 2.1 by using the Lyapunov-Razumikhin technique, and the almost sure exponential stability is also considered. Moreover, the stabilization theorem is presented for system 2.1 . The results show that impulses may change the stability of a given system. Some techniques used in the proof are motivated by the paper 5 . 
2 LV ϕ t , ϕ t − τ , t −λV ϕ t , t for all t / t k in R whenever V ϕ t s , t s qV ϕ t , t for any s ∈ −τ, 0 , q e λτ ;
Then, for any ξ t ∈ PC b F 0 −τ, 0 ; R n and t 0, the solution x t, ξ of system 2.1 satisfies
where γ min{λ − ln 1 Γ /μ, ln q/τ}, that is, system 2.1 is pth moment exponentially stable.
Proof. For a given ξ, let x t x t, ξ and write V x t , t V t for the simplicity. We claim
for any t ∈ t n−1 , t n , where
3.3
It is easy to check Q t is continuous and differentiable in t n−1 , t n , and
for t ∈ t n−1 , t n . To verify 3.2 , we just need to show that Q t 0 for all t 0. We first show that Q t 0 for t ∈ 0, t 1 . For t ∈ −τ, 0 , we have e −λt 1; using condition 1, we can get Q t 0. Let α be an arbitrary positive constant; we claim
for t ∈ 0, t 1 . 
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3.7
By virtue of condition 2, we can obtain ELV t * −λEV t * ; then
which contradicts the definition of t * . So we get Q t α for all t ∈ 0, t 1 . Let α → 0 ; we obtain Q t 0 for t ∈ 0, t 1 . Now, assume Q t 0 for t ∈ 0, t m . In view of condition 3, we have
Next, we will show, for arbitrary α > 0,
For the sake of contradiction, suppose 3.10 is not true. Define 
3.12
In view of condition 2, we obtain ELV t −λEV t , then
which contradicts the definition of t. Therefore, Q t α for all t ∈ t m , t m 1 . Let α → 0 ; we have Q t 0 for t ∈ t m , t m 1 . Thus, by induction, we obtain Q t 0 holds for t 0; hence
Then by condition 1, we have
3.15
This completes the proof.
The following theorem states the almost sure exponential stability of system 2.1 . In the proof, the classical method used in 4 is borrowed and this method was also adopted in paper 15 . 
Proof. From system 2.1 , we can get, for t ∈ t n−1 , t n , 
3.26
In view of Borel-Cantelli lemma, we can obtain that for almost all ω ∈ Ω,
holds for all but finitely many n. Hence there exists an N ω , for all ω ∈ Ω but a P -null set, such that 3.27 holds when n > N ω . Then we have, for almost all ω ∈ Ω, if t n−1 t < t n , n > N ω ,
that is,
and 3.17 follows by letting → 0.
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In the following, we give two corollaries. Proof. Take q e λτ . Obviously, we just need to verify the condition 2 of Theorem 3.1.
LV x t , x t − τ , t V t x t , t V x x t , t f x t , x t − τ , t 1 2 trace g T x t , x t − τ , t V xx x t , t g x t , x t − τ , t
−λV x t , t αV x t − τ , t − τ .
3.31
If t 0 and t ∈ t k , t k 1 , s ∈ −τ, 0 , the following inequality holds
V x t s , t s qV x t , t , 3.32 then
LV x t , x t − τ , t −λV x t , t αqV x t , t
Condition 2 of Theorem 3.1 is verified, then the pth moment exponential stability for the trivial solution of system 2.1 is obtained. The almost sure exponential stability is followed directly by virtue of Theorem 3.2.
The 2th moment exponential stability; is also called mean square exponential stability, the following corollary presents the criteria of mean square exponential stability of system 2.1 . 2 |H k x | β k |x|;
Then the trivial solution of system 2.1 is mean square exponentially stable.
Proof. Let V x, t |x| 2 ; then
3.34
The conditions of Corollary 3.3 are easily to be verified, and the required result can be obtained.
Now we are on the position to state the stabilization theorem. 
LV x t , x t − τ , t cV x t , t , for all t ∈ t k , t k 1 , whenever qV x t , t V t s, x t s , for s ∈ −τ, 0 , where q max{e
2λα , e cα };
Then the trivial solution of system 2.1 is pth moment exponentially stable.
Remark 3.6. From condition 2, we can see that the formal derivative of V x, t can be positive since c is a positive constant; this means that the original system without impulses may be unstable. Therefore, this theorem is called the stabilization theorem.
Proof. Let x t x t, ξ be a solution of 2.1 with x t ξ t , t ∈ −τ, 0 and write V x t , t V t for simplicity. Choose M 1 such that
We will show, for any positive integer k,
We first show that EV t ME ξ p e −λt 1 , t ∈ 0, t 1 .
3.37
From condition 1 and 3.35 , we have, for t ∈ −τ, 0 , From condition 1, we have
where M * max{1, M/c 1 1/p }. This completes the proof.
Applications and Examples
In this section, we consider a nonlinear impulsive stochastic delay differential system. We present the stability criterion and stabilization criterion for this system, then we illustrate the correctness of our results using the numerical experiments. The following nonlinear impulsive stochastic delay differential system is considered:
4.1
By virtue of Corollary 3.4, we can get the following corollary directly. It is easy to see that the trivial solution of system 4.1 without impulsive effects is not mean square stable, see Figure 2 . Then we take t k 1 − t k 0.2, β k 0.8 and α 0.2, λ 1, q 2; it can be verified that the conditions of Corollary 4.2 are satisfied; the the trivial solution of system 4.1 is mean square exponentially stable, see Figure 3 .
